In this paper, an approximate method for analyzing the bending problems of rectangular Mindlin plates on elastic foundations is proposed. The solutions of the partial differential equations of the bending are obtained in the discrete form, by translating the differential equations into integral equations and applying numerical integration.
INTRODUCTION
The problems on the bending of rectangular plate on elastic foundations have been analyzed by many investigators, by using numerical methods such as FEM, FDM and series solutions.
NohmachPl expanded "Finite Fourier Transformation" to biharmonic differential equation by means of Green's formula, and gave the solutions for the bending of the rectangular plate on elastic foundations with four free edges, Kurata, Takahashi and Tanihira 21 obtained the numerical solutions of rectangular plate with all free boundaries on nonlinear elastic foundations, using approximate method applying the finite difference method. Kitamura and SakuraP} analyzed rectangular plates with four edges free on elastic foundations, using the method of eigenfunction expansion.
Cheung and Zienkiewicz 4l first analyzed the plate on elastic foundations, applying finite element method. HenryS) analyzed the large deflection problems of the rectangular plate on elastic foundations by FEM. Svec6) analyzed the thick plate On ela~tic foundations by FEM.
Sonoda and Kobayashj1J,8l analyzed the quasistatic bending of rectangular plates resting on linear viscoelastic foundations obeying Winkler's hypothesis, and obtained double series solutions which are derived by means of eigenfunction expansions,
There are many methods to analyze the bending of rectangular plate on elastic foundations. However, it has been hardly carried out to study the bending of rectangular plates with variable thickness on non-uniform elastic foundations. And since the fundamental differential equations are formed by the simultaneous partial differential equations with variable coefficients which are composed of the flexural rigidity of the plate D(x, V), the thickness of the plate h(x, y) and foundation modulus k(x, V), it is thel'efore very difficult to find the exact solution.
In this paper, an approximate method for analyzing the bending problems of rectangular Mindlin plates with variable thickness r'esting on elastic foundations which foundation moduli are locally non-uniform has been proposed. By translating the differential equations into integral equations and applying numerical integration, the solutions of the differential equations are obtained in the discrete form, and give the tr'ansverse shear forces, the twisting moments, the bending moments, the rotations and the deflections at the all discrete points which are intersections of the vertical and horizontal equally dividing lines on the plate.
In order to confirm the convergency and accuracy of the numerical solutions obtained by the present method, comparisons with the exact solutions obtained by other' investigators are made. As the application of the present method, the bending behavior of the rectangular' plate on nonlinear elastic foundations and on non-uniform elastic foundations are calculated, Furthermore, it is possible to analyze the rectangular plate with arbitrm'y boundary conditions, load conditions and plate thickness resting on non-uniform elastic foundations, by using the present method.
FUNDAMENTAL DIFFERENTIAL EQUATIONS FOR ELASTIC FOUNDATIONS

PROBLEM
The fundamental differential equations for the bending of rectangular plate with variable thickness on elastic foundations as shown in Fig. 1 are the simultaneous partial differential equations (1' a) -(1· h) as follows. These equations ani based on Mindlin's theory which include the effect of shear deformation. Here, the shear coefficient x is taken equal to 
he differential equations (2' a)~(2' h) can be used to analyzed the bending of rectangular plate with variable thickness on non-uniform elastic foundations with arbitrary boundary conditions and arbitrary load conditions,
APPROXIMATE SOLUTION OF DIFFERENTIAL EQUATIONS
." m Discrete points on rectangular plate. It is impossible to obtain the exact solutions of differential equations (2' a)~(2' h) under the arbitrary loading and boundary conditions, since these equations are formed by simultaneous partial differential equations with variable coefficients. Therefore, in this paper, we consider the rectangular plate as assembly of intersections as shown in Fig. 2 . Approximate solutions of differential equations are obtained for these discrete points.
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Eq. (4) Integral constants and boundary conditions of rectangular plate with four edges free and with two opposite edges simply supported and the other two edges free are shown in Fig. 3 and Fig. 4 , respectively.
In these figures, fig. (a) express the whole of a rectangular plate, fig. (c) and fig, (d) Fig,4 Integl'al constants and boundary conditiolls of plate with two opposite edges simply supported and the other two h'ee, one quater of a rectangular plate with two symmetrical axes. Integral constants and boundary conditions at the corners of plate are shown in the boxes. 1"-,---8-----",I D Table 1 ( 1) Rectangular plate on uniform linear elastic foundations First, in order to investigate the convergency and accuracy of numerical solutions of the rectangulal' plate on uniform linear elastic foundations, let the present method be applied to a square plate with two opposite edges simply supported and the other two free, which is subjected to a uniform distributed load q ovel' the square area in the center of plate as shown in Fig. 5 . Second, let the present method be applied to a square plate with four free edges, which is subjected to a uniform distributed load q over the square area in the center of plate as shown in Fig. 5 , and a concentrated load P at the center, respectively. The values of the deflections, the bending moments and reactions at the center, at the corner and at the middle point of free edge of the plate are shown in Table 2 and Table 3 . In these tables, 10-20, 8-12 and 4-8-12 repesent the Richardson's extrapolated values. It is found from Table 3 that the numerical solutions obtained by the present method converged monotonically according to an increase of division number.
NUMERICAL RESULTS
( 2) Variable thickness plate on nonlinear elastic foundations Let the present method be applied to a square plate of variable thic~ness with four free edges on nonlinear tensionless elastic foundations, which is subjected to a concentrated load P at the center.
Nonlinear tensionless elastic foundations are assumed to be active only when the plate has pressed against the foundations, and to be iJ.lactive in the regions where the plate has lifted off of the foundations.
In other words, the foundations can be modelled as the springs of the stiffness k when in compression and zero when in tension. In this paper, the load-deflection relationship of the nonlinear elastic foundation is assumed as shown in Fig, 6 , and it is expressed as follows.
The modified spring reaction p' at w= w' is p'=kw 2 w/(w+W')2+ kWW'2/(W+ uf)2 Fig.7 shows the flow-chart of computational procedm'es. Now, if the (8-1) th deflection at the point Flg.6 The !'eaction-deflection relationship of hyperbolic spring. Table 3 Deflections and bending moments of the rectangular plate with fOllr free edges subjected to n~onccntmted load p The numerical results of rectangular plate of variable thickness on nonlinear elastic foundations are shown together with the numerical results of rectangular plate of uniform thickness on linear (Winklel') and nonlinear elastic foundations in Fig, 9 . Fig. 9 shows the values of the bending moments. and the deflections at y=O. The numerical computation for m=12 is carried out. It is found from Fig. 9 that the effects of variable thickness are a little on My, and Ii We on M x and w. It is also found that the numerical solutions of uniform thick plate on nonlineal' elastic foundations used for the pl'esent calculation al"e about 1. 5 and 1.2 times on the deflection and the bending moments at center, respectively, as compared with the solutions on Winkler's foundations. ( 3) Rectangular thick plate on non-uniform elastic foundations In the previous section, the foundation moduli are uniform in the whole foundations. However, it is considered that the foundation moduli are locally non-uniform.
Accordingly, first let the present method be applied to rectangular plate of uniform thickness with four free edges under a concentrated load P at the center on non-uniform elastic foundations which the values of non-dimensional foundation modulus are K =3.0 in left half, K =2.5, 3.0 or 4. 0 in right half as shown in Fig. 10 above. The numerical solutions of the bending moments and the deflections at y=O, and y= b /2 are shown in Fig. 10 . It is found from this figure that the effects of non-uniformity of dimensionless foundation modulus are very small in regard to the bending moments My, M x , but large in regard to the deflections.
Next, let the present method be applied to rectangular plate of uniform thickness with four free edges, which is subjected to the uniform distributed load q over the square area in the center of plate, on non-uniform elastic foundations as shown in Fig. 11 . Fig. 12 and Fig. 13 show the values of the deflections and the bending moments at y=O and y= b/2.
From these figures, it is found that the bending moments al'e Ii ttle affected by non-uniformity of foundation moduli, but the deflections are so much. found that the more non-uniformity of foundation modulus increases, the more influence of plate thickness ratio hi a increases.
CONCLUSIONS
The main conclusions of the work described in this papet' can be summarized. as follows.
( 1) A general numerical method for analyzing the bending behavior of rectangular Mindlin plates on elastic foundations has been proposed. This method is an application of numerical integration and the numerical solution of integl'al equations.
C2)
The approximate solutions of the partial differential equations of the rectangular Mindlin plate give the transverse shear forces, the twisting moments, the bending moments, the l'otations and the deflections at the all discrete points which are intersections of the vertical and horizontal equally dividing lines on the plate. Thus, the method does not require prior assumption of the shape of the deflection of the plate.
